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1. Introduction and statement of the main results
Let D be an open subset of Cn and A ⊂ ∂D . We suppose in addition that D is locally C2 smooth on A (i.e. for any ζ ∈ A,
there exist an open neighborhood U = Uζ of ζ in Cn and a real function ρ = ρζ ∈ C2(U ) such that D∩U = {z ∈ U : ρ(z) < 0}
and dρ(ζ ) = 0). For ζ ∈ A and 1 < α < ∞, we consider the conical approach region
Aα(ζ ) :=
{
z ∈ D: |z − ζ | < α · dist(z, Tζ )
}
,
where dist(z, Tζ ) denotes the Euclidean distance from the point z to the tangent hyperplane Tζ of ∂D at ζ .
For any function u deﬁned on D , let
uˆ(z) :=
{
u(z), z ∈ D,
supα>1 limsupw∈Aα(z),w→z u(w), z ∈ ∂D.
Next, consider the function hA,D := supu∈F u, where
F := {u ∈ PSH(D): u  1 on D, uˆ  0 on A}.
Here PSH(D) denotes the set of all functions plurisubharmonic on D . Then the conical plurisubharmonic measure of A
relative to D is given by
ω(z, A, D) := h∗A,D(z), z ∈ D, (1.1)
where u∗ denotes the upper semicontinuous regularization of a function u.
A manifold M ⊂ Cn of class C2 is said to be generic if, for every point z ∈ M , the complex linear hull of the tangent space
TzM (to M at z) coincides with the whole space Cn .
The main purpose of this work is to investigate the boundary behavior of the conical plurisubharmonic measure in
a special but important case, and thereafter to apply this study to the theory of separately holomorphic mappings. Now we
are in the position to state the main result.
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on M. Let A ⊂ M be a measurable subset of positive measure. Then for all density points z relative to A, ω̂(z, A, D) = 0.
This theorem describes the stable character of the conical plurisubharmonic measure ω(·, A, D) along the conical ap-
proach regions at all density points relative to A. It sharpens the previous results of A. Sadullaev (see [6]) and B. Coupet
(see [1]) where the estimate ω(·, A, D) < 1 on D was obtained. Our proof relies on the use of families of analytic discs
attached to M and on some ﬁne estimates of plurisubharmonic functions.
This paper is organized as follows.
We begin Section 2 by collecting some results of the method of attaching analytic discs to a generic manifold. Next,
we develop necessary estimates for the conical plurisubharmonic measure and then prove the Main Theorem. Section 3
concludes the article with various applications of the Main Theorem in the theory of separately holomorphic mappings.
2. Proof
A smooth generic manifold M ⊂ Cn is said to be totally real if dimR M = n. In the ﬁrst step we will focus on the case of
totally real manifolds since their geometry is well-understood.
Now let M ⊂ Cn be a totally manifold of class C2. We may assume without loss of generality that 0 ∈ M and T0M = Rn
(it suﬃces to perform an aﬃne change of coordinates). M is then deﬁned in a neighborhood of 0 ∈ Cn by the equation
z = x+ ih(x), where h is a function of class C2 deﬁned in a neighborhood U of 0 ∈ Rn with values in Rn satisfying h(0) = 0
and dh(0) = 0.
Let Δ be the open unit disc in C and T := ∂Δ. A holomorphic disc is, by deﬁnition, a function f in C(Δ) ∩ O(Δ).
A holomorphic disc f is said to be attached to M on an arc γ ⊂ T if f (γ ) ⊂ M . Let Γ be an open cone in Rn of vertex
0 ∈ Rn and U an open neighborhood of 0 ∈ Cn . A wedge W of edge M with the cone Γ in U is the set of the form
W = WΓ,U :=
{
z ∈ U : Im z − h(Re z) ∈ Γ }.
In what follows we ﬁx two arbitrary open cones Γ ′ ⊂ Γ ′′ in Rn such that Γ ′ ∩ Sn−1 is relatively compact in Γ ′′ ∩ Sn−1,
where Sn−1 is the unit sphere in Rn . We also ﬁx a neighborhood U ′ of 0 ∈ Rn such that h is a function of class C2 deﬁned
in a neighborhood U ′ of 0 ∈ Rn with values in Rn and WΓ ′′,U ′ ⊂ D . Fix a smooth function ϕ deﬁned on Δ harmonic on Δ
such that ϕ = 0 on {eiθ ∈ T: |θ | π2 } and ϕ < 0 on the remaining part of T and ∂ϕ(se
iθ )
∂s |s=1, θ=0 = 1. Here [0,1]×[−π,π ] 

(s, θ) → seiθ ∈ Δ.
For a C2 smooth manifold M of dimension m let mesM denote the m-dimensional Lebesgue measure on M. When
there is no fear of confusion we often write mes instead of mesM .
We recall the following result of B. Coupet in [1].
Theorem 2.1. Under the above hypothesis and notation there exist an open neighborhood U ⊂ U ′ of 0 ∈ Rn, an open neighborhood U
of 0 in Rn−1 , and open neighborhood V of 0 in Rn, a function G of class C1 deﬁned on Δ× U × (V ∩ WΓ ′,U ) with values in W Γ ′′,U ′ ,
G being holomorphic with respect to the variable w ∈ Δ and an open arc γ ⊂ T with 1 ∈ γ and a nonzero real number β such that
the following conditions are satisﬁed:
(i) For (ζ, τ ) ∈ U × V , the holomorphic disc G(·, ζ, τ ) is attached to M on γ . Moreover, G(·,0,0) = 0 on Δ.
(ii) Given τ ∈ V , themapping Gτ : (seiθ , ζ ) → G(seiθ , ζ, τ ) deﬁnes, for each ﬁxed 12  s 1, a diffeomorphism of {seiθ : eiθ ∈ γ }×U
into Cn. In particular, Gτ maps {eiθ : eiθ ∈ γ } × U onto an open neighborhood of 0 in M. Moreover,
∂ ReGτ (seiθ , ζ )
∂(θ, ζ )
(θ, ζ ) = β ∂ϕ
∂s
(
seiθ
)|τ | · Idθ + Idζ +o(|τ |), eiθ ∈ γ , ζ ∈ U and |ζ | 4|τ |,
where the left-hand side is the Jacobian of ReGτ with respect to the variables (θ, ζ ).
(iii) There exists a conformal map ψ which maps Δ onto a Jordan domain E ⊂ Δ with smooth boundary such that γ ⊂ ∂E and
ψ(1) = 1 and that
∂ ImG(seiθ , ζ, τ )
∂τ
= ϕ(ψ(seiθ )) · Idτ +o(τ ), eiθ ∈ γ , s ∈ (0,1), ζ ∈ U and |ζ | 4|τ |.
Proof. It follows implicitly from the construction of the function G and its properties given in Théorème 2 in [1]. 
Now we arrive at the
Proof of the Main Theorem when M is totally real. Suppose without loss of generality that 0 is a point of density relative
to A in M . The idea is to use families of holomorphic discs attached to M which parametrize an open neighborhood of 0
in M . These families are supplied by Theorem 2.1.
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of Theorem 2.1, we have
lim
r→0 infτ∈Rn: |τ |=1
mes(A ∩ Grτ (γ × Ur))
mes(Grτ (γ × Ur)) = 1. (2.1)
We need the following elementary lemma.
Lemma 2.2. Let γ be an open arc in T with eiθ ∈ γ for all θ ∈ (−2η,2η), where 0 < η < π2 is a ﬁxed number. Then there exists
1 < C < ∞ with the following property. If u is a subharmonic function deﬁned in Δ with u  1 on Δ and uˆ  0 on B, where B is a
measurable subset of γ with mes(B)mes(γ )  1− 1N for some N > 1, then supρ=1− 1√
N
, |ζ |<η u(ρe
iζ ) C√
N
.
Proof. Observe that for ρ ∈ [0,1] and ζ ∈ [−π,π ],
u
(
ρeiζ
)
 1
2π
π∫
−π
(1− ρ2)1B
|eiθ − ρeiζ |2 dθ,
where
1B(θ) :=
{
0, eiθ ∈ B,
1, eiθ /∈ B.
Therefore, an easy estimate shows that for ρ = 1− 1N and |ζ | < η,
u
(
ρeiζ
)
 1
2π
η
2N∫
− η2N
(1− ρ2)
|1− ρ|2 dθ +
1
2π
∫
|θ |>2η
(1− ρ2)
|eis − ρe2is|2 dθ 
C√
N
. 
Let
F := {u ∈ PSH(D): u  1 on D, uˆ  0 on A}.
For 0 <  < 1 let δ := {(1− )eiθ : θ ∈ (−η,η)}. Applying Lemma 2.2 to the holomorphic discs G(·, ζ, τ ) attached to M on
γ which are supplied by Theorem 2.1, we deduce from (2.1) that for every 0 <  < 1,
lim
r→0 infu∈F, τ∈Rn: |τ |=1
mes({z ∈ G(δ,Ur, rτ ): u(z) })
mes({z ∈ G(δ,Ur, rτ )}) = 1. (2.2)
For 1 < α < ∞ let Γα denote the open cone{
y = (y1, . . . , yn) ∈ Rn:
√
y21 + · · · + y2n < αyn
}
.
Suppose that Γ ′ := Γl for some 1 < l < ∞. For 0 < r < r′ < ∞ let Γ ′(r, r′) := {y ∈ Γ ′: r  |yn| r′}. Deﬁne, for 0 <  < 1
the -approximate function G of the function G|δ×U×V as follows
G
(
(1− )eiθ , ζ, τ ) := (β ∂ϕ
∂s
(
(1− )eiθ )|τ |θ, ζ,ϕ(ψ((1− )eiθ )) · τ), θ ∈ (−η,η), (ζ, τ ) ∈ U × V .
By part (i) of Theorem 2.1 G(·,0,0) = 0 on Δ. This, combined with parts (ii) and (iii) of Theorem 2.1 and the explicit formula
for G , implies that when τ is taken in a ﬁxed compact set, the set {z ∈ G(δ,Ur, rτ )} is, in some sense, equal to the set
{z ∈ G(δ,Ur, rτ )} as r → 0.
We now study the shape of the latter set. Using the property of ϕ and ψ we see that there exist ﬁnite positive constants
c1, c2, c3, c4 such that for  > 0 small enough and for θ ∈ (−η,η),
c1 <
∂ϕ
∂s
(
(1− )eiθ )< c2
and
−c4 < ϕ
(
ψ
(
(1− )eiθ ))< −c3.
By shrinking η (if necessary) we may assume without loss of generality that
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c2
c1
,
c4
c3
< 2.
For 0 < r,  < 1 deﬁne the cubics
K ′r, :=
[
−c1η r
4
, c1η
r
4
]
× [−r, r]n−1 × Γ ′
(
c3
r
2
,4c3r
)
,
K ′′r, := [−4c2ηr,4c2ηr] × [−r, r]n−1 × Γ ′
(
c3
r
4
,4c4r
)
.
The explicit formula of G and the above discussion together imply that
K ′r, ⊂
{
z ∈ G
(
δ,Ur,−Γ ′
(
r
4
,4r
))}
⊂ K ′′r,
as r → 0. This, combined with estimate (2.2), implies that for every 0 <  < 1,
lim
r→0 infu∈F
mes({z ∈ K ′r, : u(z) })
mes(K ′r,)
= 1. (2.3)
Now we need the ﬁnal lemmas.
Lemma 2.3. For every 0 <  < 1 and 0 < a,b, c,d < ∞, there exists a ﬁnite constant C > 1 that depend only on  and the quotients
b
a ,
c
a ,
d
a , with the following property. Consider the domains
H ′ :=
{
z ∈ Cn: x1 ∈ (−2d,2d), x2, . . . , xn ∈ (−2c,2c), y1, . . . , yn−1 ∈ (−2b,2b), yn ∈
(
a
2
,4a
)}
,
H := {z ∈ Cn: x1 ∈ (−d,d), x2, . . . , xn ∈ (−c, c), y1, . . . , yn−1 ∈ (−b,b), yn ∈ (a,2a)}.
Then for every u ∈ PSH(H ′) and every 0<  < 1 such that u  1 on H ′ and that
mes({z ∈ H ′: u(z) 2 })
mes(H ′)
> 1− 1
C
,
we have u <  on H.
Proof. Observe that there exists the maximum number 0 < r < ∞ such that the ball B(z, r) centered at z with radius r
in Cn is contained in H ′ for all z ∈ H . By the sub-mean property of plurisubharmonic functions we have
u(z) 1
mes(B(z, r))
∫
B(z,r)
u(w)dw, z ∈ H . (2.4)
Setting C ′ := mes(H ′)mes(B(z,r)) , we see that C ′ depends only on the quotients ba , ca , da . We may choose 1 < C < ∞ large enough so
that (1− C ′C ) 2 + C
′
C <  . With this choice the desired conclusion follows immediately from (2.4). 
Lemma 2.4. For every α > 1 and 0 <  < 1, 0 < λ,μ < ∞, there exists a ﬁnite constant C > 1 with the following property. For all
a > 0 consider the domains
K ′ :=
{
z ∈ Cn: x1 ∈ (−2λa,2λa), x2, . . . , xn ∈ (−2μa,2μa), y ∈ Γ8√nα, yn ∈
(
a
2
,4a
)}
,
K := {z ∈ Cn: x1 ∈ (−λa, λa), . . . , xn ∈ (−μa,μa), y ∈ Γα, yn ∈ (a,2a)}.
Then for every u ∈ PSH(K ′) such that u  1 on K ′ and that
mes({z ∈ K ′: u(z) 2 })
mes(K ′)
> 1− 1
C
,
we have u <  on K .
Proof. Applying Lemma 2.3 to the case where b := 2αa and observing that H ′ ⊂ K ′ , K ⊂ H , the desired conclusion fol-
lows. 
Now we are in the position to complete the proof of the Main Theorem when M is totally real. Fix arbitrary 0 < 0 < 1
and 1 < α < ∞. We only need to show that there exists a suﬃciently small open neighborhood U of 0 ∈ Cn such that
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R
n such that such that Γ ′ ∩ Sn−1 is relatively compact in Γ ′′ ∩ Sn−1. Consequently, we may apply Theorem 2.1.
Let C0 be the constant obtained from Lemma 2.4 applied to K ′ := K ′r, 02 . Observe here that C0 does not depend on r.
Using estimate (2.3) with  := 02 , we may choose r0 > 0 small enough such that for all 0 < r < r0,
mes({z ∈ K ′r, : u(z) })
mes(K ′r,)
> 1− 1
C0
, ∀u ∈ F .
Since the hypothesis of Lemma 2.4 is now satisﬁed, we conclude that u(0, y) 0 for all y ∈ Γ with |y| < r0. 
The general case where M ⊂ Cn is merely a generic manifold is, in principle, not diﬃcult. We only need to parametrize M
by a family of totally real manifolds Mη , where the parameter η belongs to an open neighborhood of 0 in Rdim(M)−n . We
leave the details to the interested reader.
3. Applications
Let X be an arbitrary complex manifold and D ⊂ X an open subset. We say that a set A ⊂ ∂D is locally contained in a
generic manifold if there exist an (at most countable) index set J = ∅, a family of open subsets (U j) j∈ J of X and a family of
generic manifolds (M j) j∈ J such that A ∩U j ⊂ M j , j ∈ J , and that A ⊂⋃ j∈ J U j . The dimensions of M j may vary according
to j ∈ J . Given a set A ⊂ ∂D which is locally contained in a generic manifold, we say that A is of positive size if under the
above notation
∑
j∈ J mesM j (A ∩ U j) > 0. A point a ∈ A is said to be a density point relative to A if it is a density point
relative to A ∩ U j on M j for some j ∈ J . Denote by A′ the set of density points relative to A.
Suppose now that A ⊂ ∂D is of positive size. In what follows we keep the terminology and the notation introduced in
Section 2 of [3]. We equip D with the system of conical approach regions supported on A. The Main Theorem says that A
is locally pluriregular at all density points relative to A. Observe that mesM j ((A \ A′)∩U j) = 0 for j ∈ J . Therefore, it is not
diﬃcult to show that A′ is locally pluriregular. Choose an increasing sequence (An)∞n=1 of subsets of A such that An ∩ U j is
closed and mesM j ((A \
⋃∞
n=1 An)∩ U j) = 0 for j ∈ J . Observe that A′n is locally pluriregular, A′n ∩ U j ⊂ A for j ∈ J and that
Â :=⋃∞n=1 A′n is locally pluriregular. Consequently, it follows from Deﬁnition 2.3 in [3] that
ω˜(z, A, D)ω(z, Â, D), z ∈ D.
Since mesM j ((A′ \ Â) ∩ U j) = 0 for j ∈ J , we deduce from the Main Theorem that
ω(z, Â, D)ω
(
z, A′, D
)
, z ∈ D.
In summary, we have shown that
ω˜(z, A, D)ω
(
z, A′, D
)
, z ∈ D.
This estimate, combined with Theorem A in [3], implies the following results which have been stated in Theorems 10.4
and 10.5 in [3].
Theorem 3.1. Let X , Y be two complex manifolds, let D ⊂ X, G ⊂ Y be two domains, and let A (resp. B) be a subset of ∂D (resp. ∂G).
D (resp. G) is equipped with a system of conical approach regions (Aα(ζ ))ζ∈D,α∈Iζ (resp. (Aβ(η))η∈G, β∈Iη ) supported on A (resp.
on B). Suppose in addition that A and B are of positive size. Let Z be a complex analytic space possessing the Hartogs extension
property. Deﬁne
W ′ := X(A′, B ′; D,G),
Ŵ ′ := {(z,w) ∈ D × G: ω(z, A′, D)+ ω(w, B ′,G)< 1},
where A′ (resp. B ′) is the set of density points relative to A (resp. B).
Then, for every mapping f : W → Z which satisﬁes the following conditions:
• f ∈ Cs(W , Z) ∩ Os(W o, Z);
• f is locally bounded;
• f |A×B is continuous,
there exists a unique mapping fˆ ∈ O(Ŵ ′, Z) which admits A-limit f (ζ,η) at every point (ζ,η) ∈ W ∩ W ′ .
If, moreover, Z = C and | f |W < ∞, then∣∣ fˆ (z,w)∣∣ | f |1−ω(z,A′,D)−ω(w,B ′,G)A×B | f |ω(z,A′,D)+ω(w,B ′,G)W , (z,w) ∈ Ŵ ′.
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Theorem 3.2. Let X , Y be two complex manifolds, let D ⊂ X, G ⊂ Y be two domains, let A be a subset of ∂D, and let B be a subset of G.
D is equipped with the system of conical approach regions (Aα(ζ ))ζ∈D,α∈Iζ supported on A and G is equipped with the canonical
system of approach regions (Aβ(η))η∈G, β∈Iη . Suppose in addition that A is of positive size. Let Z be a complex analytic space possessing
the Hartogs extension property. Deﬁne
W ′ := X(A′, B∗; D,G),
Ŵ ′ := {(z,w) ∈ D × G: ω(z, A′, D)+ ω(w, B∗,G)< 1},
where A′ is the set of density points relative to A, and B∗ denotes the set of all points in B ∩ G at which B is locally pluriregular.
Then, for every mapping f : W → Z which satisﬁes the following conditions:
• f ∈ Cs(W , Z) ∩ Os(W o, Z);
• f is locally bounded along A × G,
there exists a unique mapping fˆ ∈ O(Ŵ ′, Z) which admits A-limit f (ζ,η) at every point (ζ,η) ∈ W ∩ W ′ .
If, moreover, Z = C and | f |W < ∞, then∣∣ fˆ (z,w)∣∣ | f |1−ω(z,A′,D)−ω(w,B∗,G)A×B | f |ω(z,A′,D)+ω(w,B∗,G)W , (z,w) ∈ Ŵ ′.
The Main Theorem also implies Corollaries 2 and 3 which were stated without proof in [4]. These corollaries generalize
Theorems 3.1 and 3.2 to the case where some pluripolar or thin singularities are allowed (see [2] or [5] for more details on
this issue).
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